Abstract We present constructions of simply connected symplectic 4-manifolds which have (up to sign) one basic class and which fill up the geographical region between the half-Noether and Noether lines.
Introduction
For minimal complex surfaces S of general type, the Noether inequality states that c 2 1 (S) ≥ 2χ h (S) − 6, where χ h (X) denotes the holomorphic Euler number of X . (χ h (X) = 1 4 (e(X) + sign(X)) where e is the Euler characteristic and sign is the signature of the intersection form.) The line c 2 1 = 2χ h − 6 in the (χ h , c 2 1 )-plane is often called the Noether line. In terms of gauge theory, one of most notable features of a minimal surface of general type is that, up to sign, it has exactly one (Seiberg-Witten) basic class [W] . In [FS1] the first and third authors produced examples of symplectic (see [S] ) 4-manifolds with one basic class which lie on the 'half-Noether' line c 2 1 = χ h − 3. The inability to construct examples (even smoothly) of 4-manifolds with one basic class and c 2 1 < χ h − 3 led them to conjecture that such manifolds fail to exist. Interest in this problem was reignited recently by a paper of Mariño, Moore, and Peradze [MMP] which gave a plausibility argument via physics.
In the current article, we show the existence of symplectic manifolds with one basic class which fill the region in the (χ h , c 2 1 )-plane between the half-Noether and Noether lines. Specifically we prove: Theorem 1.1 For every pair of positive integers (x, c) with 0 < x − 3 ≤ c ≤ 2x − 6 there is a simply connected symplectic 4-manifold X with c 2 1 (X) = c, χ(X) = x and (up to sign) one basic class.
We were drawn to this problem by a question of Paul Feehan. The manifolds produced in Theorem 1.1 serve to simplify some of the calculations necessary in the Feehan-Leness program to prove the equivalence of the Seiberg-Witten and Donaldson invariants. Another goal of this paper is to exhibit further techniques for constructing 4-manifolds. In light of this we will present two different constructions for the manifold in question. Each construction brings to light interesting properties of rational and elliptic surfaces.
The key to our constructions is to understand configurations of embedded surfaces in rational surfaces which can be rationally blown down. We close this introduction by reminding the reader of the notion of rational blowdown. (See [FS1] and [P] .) Let C n denote the simply connected smooth 4-manifold with boundary obtained by plumbing n − 1 disk bundles over the 2-sphere according to the linear diagram:
Here, each node denotes a disk bundle over S 2 with Euler class indicated by the label; an interval indicates that the endpoint disk bundles are plumbed, i.e. identified fiber to base. Label the homology classes represented by the spheres in C n by S 0 , S 1 , . . . , S n−2 so that the self-intersections are S 2 0 = −(n + 2) and, for j = 1, . . . , n − 2, S 2 j = −2. Further, orient the spheres so that S j · S j+1 = +1. Then C n is a 4-manifold with negative definite intersection form and with boundary the lens space L(n 2 , 1 − n). The lens space L(n 2 , 1 − n) = ∂C n bounds a rational ball B n with π 1 (B n ) = Z n and a surjective inclusion-induced homomorphism π 1 (L(n 2 , 1 − n) = Z n 2 → π 1 (B n ). If X is a smooth 4-manifold containing an embedded copy of C n , its 'rational blowdown' is the result of replacing C n by the rational ball B n . Rationally blowing down C n increases c 2 1 by n − 1 but does not change χ h . It is a theorem of Symington [S] that if the ambient manifold is symplectic, and each sphere S i of a configuration C n is a symplectic submanifold, the resultant manifold of the rational blowdown is also symplectic.
A key result is:
Let X be a simply connected smooth 4-manifold with b + > 1 and containing the configuration C n . Suppose that all the (SeibergWitten) basic classes k of X satisfy k · S i = 0, i = 1, . . . , n − 2, and |k · S 0 | ≤ n.
Then the result of rationally blowing down C n is a smooth 4-manifold whose basic classes are in one-to-one correspondence with the basic classes k of X satisfying |k · S 0 | = n.
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Line arrangements and 4-manifolds
In this section we shall construct rational surfaces which contain Riemann surfaces of self-intersection 0, along which one is able to form fiber sums. The result of these fiber sums will be elliptic surfaces, Horikawa surfaces, and symplectic manifolds which sit on the "half-Noether line" c 2 1 = χ h − 3. There are certainly other constructions of these manifolds (cf. [FS1] ) and we shall describe one such in the next section, however the description below is the most convenient for our purposes.
Let q be an integer ≥ 4. To construct the first rational surface, consider the arrangement of q lines in CP 2 formed by taking q − 2 lines through a common point and two more lines in general position. Blow up the multiple point x 0 to obtain a configuration of rational curves in CP 2 #CP 2 representing qH − (q − 2)E , where H denotes the class of a line and E the exceptional curve. Smooth double points to obtain a smooth embedded holomorphic curve of self-intersection 4q − 4 and genus q − 2 (as seen via the adjunction formula). Now blow up 4q − 4 more points along the embedded surface to obtain the rational surface R(q) with c 2 1 (R(q)) = 12 − 4q and with a surface Σ R(q) of genus q − 2 with trivial normal bundle. Furthermore, since an exceptional curve E i , (i = 1, . . . , 4q − 4) is a 2-sphere that intersects Σ R(q) in one point, the complement, R(q) \ Σ R(q) is simply connected.
To construct the second rational surface, start with the arrangement of lines in CP 2 obtained by taking p−3 lines in CP 2 meeting in one point and then adding three more lines in general position. Blow up the point of multiplicity p − 3 to obtain a configuration of rational curves in CP 2 #CP 2 representing pH + (p − 3)E . After smoothing the double points, we obtain a smooth embedded holomorphic curve of self-intersection 6p − 9 and genus 2p − 5. Finally, blow up 6p − 9 points along the embedded surface to obtain the rational surface S(p) with c 2 1 (S(p)) = 17 − 6p and with a surface Σ S(p) of genus 2p − 5 with trivial normal bundle. Note also that Σ S(p) intersects all the exceptional classes, and
Define X p to be the symplectic 4-manifold obtained by taking the fiber sum of R(2p − 3) and S(p) along Σ R(2p−3) and Σ S(p) . (Note that both these surfaces have genus 2p−5.) For fiber sums along surfaces of genus g , one has the general formulas
Since the complements of Σ R(2p−3) and Σ S(p) in R(2p − 3) and S(p) are simply connected, so is X p .
These manifolds, X p all have holomorphic Euler number χ h (X p ) even. To obtain examples with odd χ h , modify the above construction as follows: Start once more with the arrangement consisting of p − 3 lines through a single point and 3 further lines in general position. Blow up the multiple point of multiplicity p − 3 and also one of the double points to obtain a configuration of rational curves in CP 2 #2 CP 2 representing the homology class pH − (p −
3)E − 2E 1 . After smoothing the double points of the configuration one obtains a smooth embedded holomorphic curve of self-intersection 6p − 13 and genus 2p − 6. Blow up 6p − 13 points along the embedded surface to obtain the rational surface S ′ (p) with c 2 1 (S ′ (p)) = 20 − 6p and with a surface Σ S ′ (p) of genus 2p − 6 which has a trivial normal bundle.
Define X ′ p to be the symplectic 4-manifold obtained by taking the fiber sum of R(2p − 4) and S ′ (p) along the genus 2p − 6 surfaces Σ R(2p−4) and
− 3, and as above, X ′ p is simply connected.
Construction via rational blowdowns
In order to compute the Seiberg-Witten invariants of the symplectic 4-manifolds X p and X ′ p , it is useful to have an alternative construction. We first concentrate on X p . Let R = R(2p − 3) and Σ R = Σ R(2p−3) , and let S = S(p) and Σ S = Σ S(p) . Then Σ R represents the homology class
The rational surface R contains the configuration C = C 2p−6 which is a linear plumbing of 2p − 7 holomorphic spheres:
Notice that Σ R is disjoint from the configuration C . This configuration can be rationally blown down by replacing it with a rational ball B 2p−6 with π 1 = Z 2p−6 . We claim that the rational surface S is the result of rationally blowing down C . Since Σ R is contained in the complement of C , it gives rise to a surface in the new manifold.
Proposition 3.1 Rational blowdown of the configuration C in R yields S , and the surface Σ R becomes Σ S ⊂ S .
Proof We shall prove this by rationally blowing down C together with 6p − 9 exceptional curves in R. The result will be CP 2 #CP 2 , and Σ R will get blown down to the class p h − (p − 3) e, where h and e represent the obvious classes in CP 2 #CP 2 . (We shall use lower case notation in order not to confuse these classes with those used in the description of Σ R .)
The 6p−9 exceptional curves in R to be blown down are {E 4p−10 , . . . , E 8p−16 }, and {H − E − E 1 , . . . , H − E − E 2p−4 }. These curves are all disjoint from C (and from each other). Thus, if we choose, we may first blow down all the exceptional curves and then rationally blow down the configuration C . Blowing down the E j , j = 4p − 10, . . . , 8p − 16 we obtain CP 2 #CP 2 #(4p − 9)CP 2 containing the blown down surface Σ ′ R which represents the homology class
Next blow down the exceptional curves H − E − E i , i = 1, . . . , 2p − 4. The result is a rational surface Q which has
as a basis for H 2 (Q). (Here we have compacted notation. If we denote the blow down map R → Q by π , then we should write α = π * (H − E), etc. This abbreviated notation should not cause any confusion, and we will continue to use it below.) Note that both α and β are represented by holomorphic spheres.
Furthermore, α has self-intersection 0, and it intersects β once, hence for any nonnegative integer k , the class kα + β is also represented by an embedded 2-sphere. This series of blowdowns takes Σ ′ R to a surface Σ ′′ R which represents the class
In Q, the sphere S 0 of the configuration C is given by S 0 = β − E 2p−3 . The configuration defines a subspace of the second homology whose orthogonal complement H 2 (C) ⊥ has basis {γ 1 , γ 2 } where γ 1 = (2p − 5)α + β and γ 2 = α − ε with intersection matrix:
Both γ 1 and γ 2 are represented by embedded holomorphic 2-spheres in Q \ C . We have already seen this for γ 1 , and it is clear for γ 2 . Because H 2 (C) is negative definite, it follows easily that H 2 (C) ⊥ = H 2 (Q \ C), and in terms of our generators, Σ ′′ R = 2γ 1 + γ 2 . Rationally blow down C , replacing it with the rational ball B 2p−6 . The result is a symplectic ( [S] ) 4-manifold Y = (Q \ C) ∪ B 2p−6 , and the classes γ 1 and γ 2 rationally generate H 2 (Y ). Since γ 1 is represented by a symplectic 2-sphere of self-intersection 2p − 5 > 0, it follows from a theorem of McDuff [M] 
If we view Y as the ruled surface F 2p−7 with fiber class f and positive and negative section classes s + and s − , then γ 1 and γ 2 are identified as γ 1 = s + +f and γ 2 = s − . Note that this agrees with the model presented in [FS1] where it is shown that F 2p−7 is the union of B 2p−6 and a regular neighborhood of spheres representing s + + f and s − . Since in F 2p−7 we have
It follows that h = 1 2 (γ 1 + γ 2 ) and e = 1 2p − 6 ((p − 4) γ 1 + (p − 2) γ 2 ).
In this process, the surface Σ R has been blown down to a genus 2p − 5 surface representing 2γ 1 + γ 2 = p h + (p − 3) e; so when we blow up 6p − 9 times, we get Σ S , and this proves the proposition.
Similarly, let R ′ = R(2p − 4), S ′ = S ′ (p), and
and R ′ contains the configuration C ′ = C 2p−7 composed of
Proposition 3.2 Rational blowdown of the configuration C ′ in R ′ yields S ′ and the surface
Proof This can be proved in a fashion similar to the proposition above. After blowing down E 4p−12 , . . . , E 8p−20 and H − E − E 2 , . . . , H − E − E 2p−5 , all of which are orthogonal to C ′ , we are left with U = CP 2 #CP 2 #(2p − 7)CP 2 .
A basis for H 2 (U ) is given by
and H 2 (C ′ ) ⊥ is generated by {ζ = α − E 1 , α − ε, (2p − 7)α + β}, where ε = 4p−13 2p−4 E j . The surface Σ ′ R gets blown down to a surface Σ ′ R,U which, in terms of this basis, represents the class ζ + (α − ε) + 2((2p − 7)α + β).
Rationally blow down C ′ to obtain a simply connected symplectic 4-manifold W with b + = 1, b − = 2, and a symplectically embedded sphere representing (2p − 7)α + β , a class of square 2p − 7 > 0. As above, McDuff's result implies that W = CP 2 #2CP 2 . The class ζ is represented by an exceptional sphere, which we now blow down to obtain a manifold Y , which must be diffeomorphic to either CP 2 #CP 2 or S 2 × S 2 . The complement of the rational ball B 2p−7
in Y has its second homology generated by the classes (2p − 7)α + β + ζ and α − ε with intersection matrix:
where the fiber f = B . Then if we identify Y #CP 2 = W = CP 2 #2CP 2 this identifies:
A ↔ h − e 1 , B ↔ h − e, and ζ ↔ h − e − e 1 . Now Σ ′ R has been blown down in W to represent
The rational surface R(q + 1) = CP 2 #CP 2 # 4q CP 2 may be obtained as the (desingularized) double branched cover of S 2 × S 2 , branched over two copies of S 2 × {pt} and 2q copies of {pt} × S 2 . In this way we see that R(q + 1) admits a 'vertical' genus 0 fibration over S 2 with fiber class H − E and also a genus q − 1 'horizontal' fibration over S 2 .
Lemma 3.3 The fibers of the horizontal fibration of R(q + 1) are isotopic to Σ R(q+1) .
Proof The vertical fibration on R(q +1) has 2q singular fibers, each consisting of an exceptional sphere of multiplicity 2 together with a pair of disjoint spheres of self-intersection −2, each intersecting the exceptional sphere in a single point.
Consider the first such singular fiber -call the spheres, E 1 , x, and y . Blowing down E 1 leaves a pair of exceptional curves, x + E 1 and y + E 1 . Blow down E 2 = x+E 1 to obtain a single sphere y +E 1 +E 2 whose square is 0. This is now the fiber H − E of a genus 0 fibration of CP 2 #CP 2 # (4q − 2) CP 2 . It follows that y = H − E − E 1 − E 2 . In general, the ith singular fiber of the vertical fibration on R(q + 1) consists of an exceptional curve E 2i−1 of multiplicity 2, along with a pair of disjoint (−2)-spheres, E 2i −E 2i−1 and H −E −E 2i−1 −E 2i .
The horizontal fiber Λ is homologous to aH −bE− 4q 1 c i E i for some coefficients a, b, c i . Since a generic horizontal fiber intersects a generic vertical fiber in two points, 2 = Λ · (H − E) = a − b. Furthermore, a generic horizontal fiber is disjoint from the (−2)-spheres which occur as part of the vertical singular fibers.
The first of these two equalities shows that c 2i−1 = c 2i for i = 1, . . . , 2q . The second shows that a − (a − 2) − c 2i−1 − c 2i = 0; so c 2i−1 + c 2i = 2, and thus c i = 1, i = 1, . . . , 4q . Finally, Λ 2 = 0 gives a = q + 1. This shows that Λ and Σ R(q+1) are homologous. Since both are holomorphic curves in R(q + 1), they must actually be isotopic (cf. the introduction to [FS3] ).
We can now calculate the Seiberg-Witten invariants of X p and X ′ p . Let E(q) denote the simply connected elliptic surface with χ h = q and with no multiple fibers.
Lemma 3.4 E(q) is diffeomorphic to the fiber sum R(q + 1)# Σ R(q+1) R(q + 1).
Proof The (desingularized) double cover of S 2 × S 2 branched over four copies of S 2 × {pt} and 2q copies of {pt} × S 2 is E(q). The previous lemma shows that this is the fiber sum as advertised.
It follows from this lemma and Proposition 3.1 that X p is the rational blowdown of a configuration C 2p−6 in E(2p − 4). The elliptic fiber T of
is obtained from a genus zero fiber on each side, since these spheres intersect Σ R(2p−3) in two points. The genus 0 fiber in R(2p − 3) represents the class H − E , and the lead sphere S 0 of C 2p−6 represents H − 2p−3 1
The basic classes of E(2p − 4) are ±2j T , j = 0, . . . , p − 3. Of these, only ±(2p − 6) T intersects S 0 maximally (with intersection number ±(2p − 6)). It follows from Theorem 1.2 that the rational blowdown X p has (up to sign) just one basic class. A similar argument shows that the same is true for X ′ p .
Proposition 3.5 The simply connected symplectic manifolds X p and X ′ p (p ≥ 4) have (up to sign) one basic class and satisfy c 2 1 = χ h − 3.
Construction 1
In order to fill in the region, χ h − 3 ≤ c 2 1 ≤ 2χ h − 6 we shall next exhibit symplectic spheres of self-intersection −4 in X(p) and X ′ (p) which can be rationally blown down. These spheres will be built from 'pieces' which intersect Σ R(2p−3) and Σ S(p) transversely. In R(2p − 3) there are the exceptional spheres E i , i = 1, 2, . . . , 8p − 16 which intersect Σ R(2p−3) transversely in a single point. Also, consider a line in CP 2 that does not belong to the arrangement for R(2p − 3), but which goes through the singular point of order 2p − 5 in the arrangement. This line gets blown up to a sphere of self-intersection 0 which intersects Σ R(2p−3) transversely in two points. This sphere represents the class H − E . We may form arbitrarily many such disjoint spheres. Denote them by A j .
To construct spheres in S(p), recall how it is constructed. The initial arrangement consists of p − 3 lines through a common point x 0 , and three further lines L i , i = 1, . . . , 3, in general position. One then blows up at x 0 and at further points x j , j = 1, . . . , 6p − 9 on the arrangement. We can suppose the x 2k−1 lie on L 1 and that x 2k lie on L 2 for k = 1, . . . , 3p − 5 and are arranged so that each pair of points {x 2k−1 , x 2k } lies on a line B ′ k through x 0 . After all the blowups, one obtains spheres B k (k = 1, . . . , 3p − 5) of self-intersection −2 in S(p). These spheres intersect Σ S(p) transversely in one point (the point of intersection of B ′ k with L 3 ). Note that B k is homologous to H −E −E 2k−1 −E 2k . Also, there are spheres C ℓ with self-intersection 0 that intersect Σ S(p) in three points that are obtained from a line in CP 2 that goes through the singular point of order p − 3. The spheres C ℓ are homologous to H − E .
In X p each of the spheres E i , A j , B k , and C ℓ is punctured. One can form the fiber sum so that the punctures match up in such a way that B 1 ∪A 1 ∪C 1 ∪E 1 ∪E 2 is a symplectic sphere of self-intersection −4 in X p . Further, we can arrange so that there are 3p − 5 disjoint symplectic (−4)-spheres constructed in this way. Rationally blowing these down, one at a time, we obtain simply connected symplectic manifolds X(p, k) which have, up to sign one basic class, and with χ h (X(p, k)) = χ h (X p ) = 2p − 4, and c 2 1 (X(p, k)) = c 2 1 (X p ) + k = 2p − 7 + k , i.e. filling up the region χ h − 3 ≤ c 2 1 ≤ 5 2 χ h − 2, χ h even. The same construction applied to X ′ p yields the odd χ h examples. In this case one can construct 3p − 7 of the spheres B k and thence 3p − 7 spheres of self-intersection −4 to rationally blow down. We get manifolds X ′ (p, k) with
Theorem 4.1 For every pair of positive integers (x, c) with 0 < x − 3 ≤ c ≤ 5 2 x − 2 there is a simply connected symplectic 4-manifold X with c 2 1 (X) = c, χ(X) = x and (up to sign) one basic class.
This implies Theorem 1.1.
Construction 2
We shall now give a second proof of Theorem 4.1 with a construction starting directly with the elliptic surfaces E(n). Fix a pair of positive integers (x, c) with 0 < x−3 ≤ c ≤ 5 2 x−2 as in the statement of the theorem, and consider the elliptic surface E(x). It admits an elliptic fibration with 6x cusp fibers and no other singular fibers. Furthermore, E(x) contains, as a symplectic codimension 0 submanifold, the canonical resolution of the (2, 2x − 1, 4x − 3) Brieskorn singularity. This contains the configuration of symplectic spheres:
where the linear plumbing to the right of the central node has 4x − 4 spheres of self-intersection −2, and where the sphere S of self-intersection −x is a section of the elliptic fibration on E(x) (cf. [FS4] ).
Each fiber of the elliptic fibration meets S in a single positive intersection. In particular, consider one of the 6x cusp fibers. If we blow up at the cuspidal point, then in E(x)#CP 2 we obtain an embedded sphere representing f − 2E
where f is the class of an elliptic fiber in E(x) and E is the class of the exceptional curve. Thus f − 2E represents an embedded sphere that meets S once, positively, in E(x)#CP 2 . Now symplectically resolve the intersection to obtain a sphere S ′ of self-intersection −(x + 2). Comparing with the plumbing diagram above, we see a symplectic embedding of the configuration C x in E(x)#CP 2 . This process can be repeated until we either exhaust all 6x of the cusp fibers or all 4x − 2 of the (−2)-spheres across the top of the plumbing.
If we blow up k of the cuspidal points, we obtain a sphere of self-intersection −(x + 2k). This is the lead sphere of the configuration C x+2k−2 which has x + 2k − 4 (−2)-spheres. Thus we can find a symplectic configuration C x+2k−2 in E(x)# k CP 2 for x + 2k − 4 ≤ 4x − 2; i.e. for 0 ≤ k ≤ 3 2 x + 1. (The k = 0 case is C x−2 ⊂ E(x).)
In E(x)# k CP 2 , rationally blow down the configuration C x+2k−2 . This yields a symplectic manifold with χ h = x and c 2 1 = x + k − 3. Applying the blowup formula [FS2] shows that the Seiberg-Witten basic classes of E(x)# k CP 2 have the form β(m; ε 1 , . . . , ε k ) = mf + ε 1 E 1 + · · · + ε k E k for |m| ≤ x − 2, m ≡ x (mod 2), and ε i = ±1 for 1 ≤ i ≤ k . We now apply Theorem 1.2. Each of the (−2)-spheres S i , i = 1, . . . , x + 2k − 4, is embedded in E(x) and is symplectic. Therefore, it follows from the adjunction formula that 0 = K E(x) · S i = (x − 2)f · S i
where K E(x) denotes the canonical class of E(x). Hence f · S i = 0 for i = 1, . . . , x + 2k − 4. Since clearly each E j · S i = 0, we have β(m; ε 1 , . . . , ε k ) · S i = 0, i = 1, . . . , x + 2k − 4.
